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Abstract
Here we give a geometric proof of the following result. Let K be an algebraically closed
0eld. Fix an integer s¿ 1 and positive integers ni and di, 16 i6 s. Set mi = min{ni; di + 1}.
For 16 i6 s and 16 j6 ni, take general homogeneous forms Fij ∈K[x; y] with deg(Fij) = di.
Let Ii ⊂ K[x; y] be the homogeneous ideal generated by the forms Fij , for 16 j6 ni. Let
d:=
∑s
i=1 di and denote by (I1 · · · Is)d be the degree d part of the homogeneous ideal I1 · · · Is.
Then
dim(I1 · · · Is)d =min
{
s∏
i=1
mi; d+ 1
}
:
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1. Introduction
The aim of this paper is to give an easy geometric proof of the following result.
Theorem 1. Let K be an algebraically closed &eld. Fix an integer s¿ 1 and positive
integers ni and di; 16 i6 s. Set mi =min{ni; di + 1}. For 16 i6 s and 16 j6 ni;
take general homogeneous forms Fij ∈K[x; y] with deg(Fij) = di. Let Ii ⊂ K[x; y] be
the homogeneous ideal generated by the forms Fij; for 16 j6 ni. Let d:=
∑s
i=1 di
and denote by (I1 · · · Is)d the degree d part of the homogeneous ideal I1 · · · Is. Then
dim(I1 · · · Is)d =min
{
s∏
i=1
mi; d+ 1
}
:
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We prove Theorem 1 by showing the following purely geometric result on smooth
rational curves embedded in a multiprojective space.
Theorem 2. Let K be an algebraically closed &eld. Fix an integer s¿ 1 and positive
integers ni and di; 16 i6 s. Set mi = min{ni; di + 1}. Assume
∑s
i=1 (mi − 1)¿ 3.
Then there exists an embedding
f :P1 → Pm1−1 × · · · × Pms−1 ⊆ Pn1−1 × · · · × Pns−1
of multidegree (d1; : : : ; ds) such that the restriction map
 :H 0
(
Pm1−1 × · · · × Pms−1;
s∏
i=1
∗i (OPmi−1 (1))
)
→ H 0
(
f(P1);
(
s∏
i=1
∗i (OPmi−1 (1))
)∣∣∣∣∣f(P1)
)
has maximal rank; i.e. it is injective if
∏s
i=1 mi6
∑s
i=1 di + 1; and surjective other-
wise.
For the case
∑s
i=1 (mi − 1)6 2 of Theorem 2, see Remark 2 in Section 2. The
referee remarked that it is easy to give an algebraic proof of Theorem 1. Indeed, it
is suEcient to provide a single collection of ideals of binary forms whose product
veri0es the claim of Theorem 1. The referee easily provided such collections with
ideals generated by monomials in two variables, in which case one has only to see
how to reach enough distinct pairs of exponents. The referee exhorted us to raise the
following question.
Question 1. Let K be an in0nite 0eld. Fix positive integers p; s; ni and di; 16 i6 s.
Set mi = min{ni; (di+pp )}. For 16 i6 s and 16 j6 ni; take general homogeneous
forms Fij ∈K[x0; : : : ; xp] with deg(Fij) = di. Let Ii ⊂ K[x0; : : : ; xp] be the homoge-
neous ideal generated by the forms Fij; for 16 j6 ni. Let d:=
∑s
i=1 di and denote
by (I1 · · · Is)d the degree d part of the homogeneous ideal I1 · · · Is. Is it true that
dim(I1 · · · Is)d =min
{
s∏
i=1
mi;
(
d+ p
p
)}
?
We assumed that K is in0nite in Question 1 because if Question 1 has an aErmative
answer for one set of data (p; s; ni; di; 16 i6 s) and one 0eld L then it has an aErma-
tive answer for the same set of data (p; s; ni; di; 16 i6 s) and for every in0nite 0eld
K with char(K)=char(L) (Lefschetz principle) and for every 0eld E with char(E)=0.
Hence Theorem 1 means that Question 1 is true for p = 1. We do not know how to
prove Question 1 for any other value of p. We strongly believe that the answer to
Question 1 is aErmative when all the integers di are suEciently large.
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2. Proofs of Theorems 1 and 2
Set :=Pn1−1 × · · · × Pns−1 and let i:  → Pni−1 be the ith projection. Let X
be a projective scheme and f :X →  a morphism. Set fi:=i ◦ f, 16 i6 s. The
morphism f is uniquely determined by its components fi :X → Pni−1, 16 i6 s. Con-
versely, given any s morphisms fi :X → Pni−1, 16 i6 s, there is a unique morphism
f :X →  with fi, 16 i6 s, as components. We will need only the case X =P1. We
see  as embedded into a big projective space PN , N :=
∏s
i=1 ni−1, by the Segre em-
bedding. Set H :=
⊗
16i6s 
∗
i (OPni−1 (1))∈Pic() and V :=H 0(;H). By the KKunneth
formula there is a natural isomorphism V ∼= V1 ⊗ · · · ⊗ Vs with dim(Vi) = ni and Vi ∼=
H 0(Pni−1;OPni−1 (1)). Thus dim(V )=
∏s
i=1 ni=N+1. Let Y ⊂  be a curve. Set ai=0
if and only if i(Y ) is a 0nite set, and ai = deg(OPni−1 (1))|i(Y ) if i(Y ) is a curve.
Set multdeg(Y ) = (a1; : : : ; as) and call (a1; : : : ; as) the multidegree of Y . Now assume
that Y is a curve and f is 0nite on its image. We de0ne the multidegree multdeg(f)
of f by the formula multdeg(f) = (deg(f1) · deg(f1(X )); : : : ; deg(fs) · deg(fs(X ))).
For every line D of  there is an index i with 16 i6 s such that i(D) is a line,
while j(D) is a point if j = i, i.e. D has multidegree (d1; : : : ; ds) with di=1 or dj=0
if j = i.
Remark 1. See  as embedded into a big projective space PN ; N :=
∏s
i=1 ni − 1; by
the Segre embedding. Theorem 2 is equivalent to the existence of a smooth rational
curve B ⊂  with multidegree (d1; : : : ; ds) and such that B spans a linear subspace 〈B〉
of PN as large as possible compatibly with the numerical datum (d1; : : : ; ds); i.e. with
dim(〈B〉) =min{N;∑si=1 di}. Notice that a curve T ⊂  with multidegree (d1; : : : ; ds)
has degree
∑s
i=1 di as a curve in P
N . In particular this observation shows that to prove
Theorem 2 it is suEcient to prove it when mi= ni for every i. Using instead of H the
restriction of other line bundles of  we see that the multidegree is constant in a Mat
family of curves contained in .
Remark 2. Use the set-up of Theorem 2; but drop the assumption
∑s
i=1 (mi − 1)¿ 3.
For any non-constant morphism f :P1 →  which is not an embedding; the pull-back
map
: H 0
(
Pm1−1 × · · · × Pms−1;
s∏
i=1
∗i (OPmi−1 (1))
)
→ H 0
(
P1; f∗
(
s∏
i=1
∗i (OPmi−1 (1))
))
is not surjective because every line bundle of positive degree on P1 is very ample. If∑s
i=1 (mi− 1)6 2; then in general  is injective and in particular it has maximal rank.
The key for our proof of Theorem 2 is the following lemma.
Lemma 1. Fix an integer s¿ 1; positive integers ni; 16 i6 s; and non-negative in-
tegers ai; 16 i6 s. Let A ⊂  be a smooth rational curve of multidegree (a1; : : : ; as)
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and P ∈A. Let D ⊂  be a line of multidegree (0; : : : ; 0; 1). Assume A ∩ D = {P}
and that D intersects quasi-transversally A at P; i.e. that D is not tangent to A at
P. Then A∪D is the limit of a 9at family of smooth rational curves contained in 
and of multidegree (a1; : : : ; as−1; as + 1).
Proof. We have T ∼= ⊕16i6s ∗i (TPni−1). In particular the tangent bundle T is
spanned. Since A is a smooth rational curve and the vector bundle T|A is spanned;
T|A is a direct sum of line bundles of degree ¿ 0. Since A is smooth; the normal
bundle NA= of A in  is a quotient of T|A. Thus NA= is a direct sum of line
bundles of degree ¿ 0. The vector bundle ND= is the direct sum of one line bundle
of degree one and
∑s
i=1 ni − s− 2 line bundles of degree zero. The curve A ∪ D has
multidegree (a1; : : : ; as−1; as+1). By the proof of [2; Corollary 4:3] or [3; Lemma 5:1;
the Proof of Theorem 5:2] A ∪D is a Mat limit of a family of smooth rational curves.
Since the multidegree is constant in a Mat family of curves; we are done.
Proof of Theorem 2. Decreasing s; if necessary; we may assume that mi¿ 2 for all i.
We will use induction on s. The starting point of the induction is the obvious case
s = 1. Hence we assume s¿ 2 and that the result is true for the integer s′ :=; s − 1.
We divide the proof into two parts.
(i) Here we assume
∑s−1
i=1 mi¿ 3. Set U :=P
m1−1×· · ·×Pms−1−1. By the inductive
assumption there exists a smooth rational curve A ⊂ U with multidegree (d1; : : : ; ds−1)
and such that the restriction map # :H 0(U;H) → H 0(A;H |A) has maximal rank, i.e.
it is injective if
∏s−1
i=1 mi6
∑s−1
i=1 di + 1 and is surjective if
∏s−1
i=1 mi¿
∑s−1
i=1 di + 1.
Fix P ∈Pms−1. We use P to identify U with the subvariety U × {P} of  and hence
to embed A as A′ :=A × {P} into . Consider now the Segre embedding of U into
Px, x :=
∏s−1
i=1 mi − 1. The choice of P allows us to see Px as a subvariety of . Fix
a general Q∈A and a general line D of Pms−1 with P ∈D. Set D′:={Q} × D ⊂ .
Thus A′ and D′ intersects quasi-transversally and exactly at one point, {Q} × {P}.
By Lemma 1 A′ ∪ D′ is the Mat limit of a family of smooth rational curves, say
{B%}, contained in  and of multidegree (d1; : : : ; ds−1; 1). By the generality of D we
have dim(〈A′ ∪D′〉) = min{x + 1;∑s−1i=1 di + 2}. By semicontinuity, for general %, we
have dim(〈B%〉)¿min{x+1;
∑s−1
i=1 di+2}. Since the inequality dim(〈B%〉)6min{x+
1;
∑s−1
i=1 di+2} is obvious by Remark 1, we have proved the case ds=1. Now assume
ds¿ 2 and that Theorem 2 is true for the multidegree (d1; : : : ; ds−1; ds − 1). Take a
smooth rational curve B ⊂  of multidegree (d1; : : : ; ds−1; ds − 1) spanning a linear
subspace of PN , where N=
∏s
i=1 mi−1, of dimension min{N;
∑s
i=1 di}. Take a general
O∈B, say O=(O′; O′′) with O′′ ∈Pms−1. Take a general line E of Pms−1 with O′′ ∈E
and set E′:={O′}×E. Thus B and E′ intersects quasi-transversally exactly in one point.
By Lemma 1 the curve B ∪ E′ is the Mat limit of a family of smooth rational curves
in  with multidegree (d1; : : : ; ds) and we conclude as above.
(ii) Here we assume
∑s−1
i=1 (mi − 1)6 2. By Remark 1 we may assume mi = ni¿ 2
for every i. Hence either s=2 and n16 3 or s=3 and n1=n2=2. Since the statement of
Theorem 2 is invariant up to a permutation of the set {1; : : : ; s}, we may assume ni¿ nj
if i¿ j. Hence it is suEcient to solve the following three cases: s= 2; n1 = 3; n2 = 2;
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s=2; n1 =n2 =2 and s=3; n1 =n2 =n3 =2. The only problem is in handling the initial
case of the curve A in U . If n1 = 3 we have d1¿ 2 because m1 = n1. If n1 = 3 and
d1 = 2 we take as A a smooth plane conic. If s = 3 we take as A a smooth curve of
type (1; 1) on the quadric surface P1×P1 ⊂ P3, i.e. a smooth conic. Then we make the
0rst inductive step adding a line in the factor Pms−1. Now we obtain a smooth rational
curve in  which spans PN unless s = 2 and n2 = 2. In that case we make another
inductive step adding a line in the factor Pms−1. Now (after a general deformation) we
obtain a smooth rational curve T ⊂  with T spanning Pms−1 and deg(T )=N (Remark
1). Finally, if di+1¿mi for some integer i, then we just add
∑s
i=1 (di+1)−
∑s
i=1 ni
lines to T preserving the injectivity of the corresponding restriction map and then apply∑s
i=1 di times Lemma 1.
Proof of Theorem 1. Since all cases with
∑s
i=1 (mi−1)6 2 are very easy; we assume∑s
i=1 (mi − 1)¿ 3. By induction on s we may assume ni¿ 2 for every i. Take a
morphism f :P1 → M ⊆  as in the statement of Theorem 2. Since degf∗(H) =∑s
i=1 di; the vector space H
0(f(P1); H |f(P1)) has dimension ∑si=1 di + 1. Since
H 0(;H) = V ∼= V1 ⊗ · · · ⊗ Vs; the domain of the restriction map  is isomorphic
to (I1)d1 ⊗· · ·⊗ (Is)ds . Hence the statement of Theorem 2 is equivalent to the existence
of some homogeneous polynomials Fij satisfying the thesis of Theorem 1; without
common zeros and inducing an embedding of P1. Furthermore; by the semicontinuity
theorem for cohomology [1; Theorem III:12:8] the thesis of Theorem 2 is true for a
general morphism of P1 with multidegree (d1; : : : ; ds). Thus the thesis of Theorem 1
is true for a general choice of the polynomials Fij; proving Theorem 1.
Acknowledgements
We want to thank G. Valla for stimulating conversations. The author was partially
supported by MURST and GNSAGA of INdAM (Italy).
References
[1] R. Hartshorne, Algebraic Geometry, Springer, Berlin, 1977.
[2] R. Hartshorne, A. Hirschowitz, Smoothing algebraic space curves, in: E. Casas-Alvero, G.E. Welters,
S. Xambo-Descamps (Eds.), Algebraic Geometry, Proceedings Sitges 1983, Lecture Notes in
Mathematics, Vol. 1124, Springer, Berlin, 1985, pp. 98–131.
[3] E. Sernesi, On the existence of certain families of curves, Invent. Math. 75 (1984) 25–57.
